Abstract. We formulate a lattice theoretical Jordan normal form theorem for certain nilpotent lattice maps satisfying the so called JNB conditions. As an application of the general results, we obtain a transparent Jordan normal base of a nilpotent endomorphism in a finitely generated semisimple module.
PRELIMINARIES
Let ϕ : V −→ V be a nilpotent linear map of the finite dimensional vector space V over the complex number field C. Now ϕ k = 0 = ϕ k−1 for some integer 1 ≤ k ≤ n = dim V and we have a Jordan normal (C-linear) base {v (t) i | 1 ≤ t ≤ r, 1 ≤ i ≤ k t } of V with respect to ϕ (see [3] ). The following conditions hold: k = max{k t | 1 ≤ t ≤ r}, k 1 + k 2 + ... + k r = n and ϕ(v 1 ) = 0 for all 1 ≤ t ≤ r and 2 ≤ i ≤ k t . The purpose of this paper is to show, how the above classical result is capable of broad generalization in the context of lattices. The present work is of the same flavour as the job we carried out in [2] . We consider a complete lattice L and a nilpotent ∨-homomorphism λ : L −→ L. The Jordan normal base of L with respect to λ is defined in a natural way. Using the properties of the induced map W −→ ϕ(W ) on the subspace lattice Sub(V ), we formulate the so called JNB conditions. The main result of the paper is a lattice theoretical Jordan normal form theorem (for nilpotent ∨-homomorphisms satisfying the JNB conditions). Our proof is based on the use of the ideas presented in [4] and [5] . The application of the general lattice theoretical results gives a transparent Jordan normal base of a nilpotent endomorphism in a finitely generated semisimple module. It is a natural challenge to take one further step in the generalization process toward non-nilpotent maps.
THE JORDAN NORMAL BASE IN A LATTICE
Let (L, ∨, ∧, 0, 1) be a complete lattice with ≤ L (< L ) being the induced (strict) partial order on L and consider a complete ∨-homomorphism λ : L −→ L. The image and the kernel of λ can be defined as follows:
Clearly, the ∨-property of λ ensures that λ(x) ≤ L λ(1) = w for all x ∈ L and that
whence x = 0 (as well as λ(0) = 0) follows. A finite set {a
i−1 is the empty join for i = 2). 
The following JNB conditions play a fundamental role in our development, we formulate them for a pair (L, λ), where (L, ∨, ∧, 0, 1) is a complete lattice and
JNB1: L is of finite height and every element of L is a finite join of atoms. The height of L is defined as
JNB2: For any choice of the elements x ≤ L y with λ(x) = λ(y) we can find an element u ∈ L such that y = x ∨ u and λ(u) = 0.
.., b s are atoms in L with s being the smallest possible. Then
is strictly ascending and b 1 ∨ ... ∨ b s is an irredundant join.
2.2.Lemma. JNB1 and JNB3 imply that for any atom
a contradiction. Thus λ(b j ) = a holds for some j ∈ {1, 2, ..., m}.
We are ready to formulate the following converse of Proposition 2.1. Proof. We apply an induction on the height of L. If height(L) = 1, then L = {0, 1} is a two element lattice and λ(1) = 0 ensures that {1} is a one element Jordan normal base of L with respect to λ (note that λ(1) = 1 would contradict to the nilpotent property of λ). Let n ≥ 2 be an integer and assume that our theorem holds for all lattices of height less or equal than n − 1. Now consider the situation described in the theorem with height(L) = n. Clearly, the interval L * = [0, w] (with w = λ(1)) is a complete sublattice of L and the restriction λ
It is straightforward to verify that the pair (L * , λ * ) satisfies all of the JNB conditions. In view of λ(1) = 1, we have height(L * ) ≤ n−1. Thus we have a Jordan normal base {a
kt holds for each 1 ≤ t ≤ r. Take c = a
is a strictly ascending chain and
is a strictly ascending chain. We claim, that {a
Jordan normal base in L with respect to λ. Now we have
holds for 1 ≤ t ≤ r and 2 ≤ i ≤ k t + 1. Indeed,
and then c ∨ a
can be derived, in contradiction with one of the properties of the Jordan normal base {a
The use of JNB2 and
The following is a trivial statement about the join of atoms. If a 1 , a 2 , . .., a n ∈ L are atoms such that
is a strictly ascending chain for some permutation π of {1, 2, ..., n}, then a 1 ∨ a 2 ∨ ... ∨ a n is an irredundant join (or equivalently a 1 ∨ a 2 ∨ ... ∨ a n = a 1 ⊕ a 2 ⊕ ... ⊕ a n is a direct sum).
NILPOTENT ENDOMORPHISMS OF FINITELY GENERATED SEMISIMPLE MODULES
Let R be a ring and ϕ : M −→ M an R-endomorphism of the unitary left R-module
is an R-submodule and for any family N γ , γ ∈ Γ of R-submodules in M we have
Take y ∈ Y , then ϕ(y) = ϕ(x) for some x ∈ X and y = x + (y − x) with ϕ(y − x) = ϕ(y) − ϕ(x) = 0. Thus y − x ∈ Y ∩ ker(ϕ) and our claim is proved. We note that
an R-submodule of M and take Z = N ∩ ϕ −1 (X) ⊆ N . For an element x ∈ X, the containment X ⊆ ϕ(N ) ensures that we can find an element z ∈ N such that x = ϕ(z). Now x ∈ X implies that z ∈ N ∩ ϕ −1 (X), whence ϕ(Z) = X follows. In view of the above observations, we have JNB2 and JNB3 for the pair (L, λ), where L = Sub( R M ) is the complete lattice of the R-submodules of M with respect to the containment relation ⊆ and
The following conditions are equivalent for the modular lattice L =Sub( R M ):
(1) L =Sub( R M ) satisfies JNB1.
(2) R M is a semisimple left R-module of finite height. (3) R M is a finitely generated semisimple left R-module.
Now we are ready to present the Jordan normal base theorem for nilpotent Rmodule endomorphisms.
3.1.Theorem. Let ϕ : M −→ M be a nilpotent R-endomorphism of the finitely generated semisimple left R-module R M . Then there exists a subset {x follows.
